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Introduction
$(M,\omega)$ $2n$ symplectic $M$ $2n$ $c\infty$
2 $\omega\in\Omega^{2}(M)$ $\omega$ $M$
symplectic $\omega’$ $M$ symplectic $c\infty$
$\phi$ : $M\simeq M$ $\omega’=d\phi^{*}\omega$ symplectic $(M,\omega)$ $(M,\omega’)$
symplectic $\omega$ $\omega’$ symplectic $2n$




Gromov 1985 [6] (cf. [3]). Gromov
$\mathbb{C}\mathbb{P}^{1}$ $\mathbb{C}\mathbb{P}^{2}$
$G/P$ $R\backslash G/P$ symplectic
Lie A.A.Kirillov






Lie [9] Kostant ”We have found
that when the notion of what the physicists mean by quantizing a function
is suitably generalized and made rigorous, one may develop a theory which
goes a long way towards constructing all irreducible unitary representations of
conneced Lie group” symplectic
symplectic Lie
([4],[8]).
$G=GL_{n}(\mathbb{R})$ $P\subset G$ Levi
$GL_{1}(\mathbb{R})\cross GL_{n-2}(\mathbb{R})\cross GL_{1}(\mathbb{R})$
$G/P$ Heisenberg $2n-3$
$G/P$ Kostant-Kirillov Poisson $R$
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Heisenberg $R$ $G/P$ $R\backslash G/P$
$2n-4$ $R\backslash G/P$
$R\backslash G/P$ $R$ $G/P$ section
$\mathscr{Z}_{\lambda}$ $R\backslash G/P$ symplectic
symplectic $G/P$ Kostant-Kirillov Poisson $R\backslash G/P$
symplectic
Lax $\Lambda+\overline{b}$ Hessenberg
A $\overline{b}$ Borel Hessenberg
affine space Hess Lax Hess
3 $L\in Hess$ $L$
$L=W(L)\Lambda(L)W(L)^{-1}$ $W(L)$ $\in$ N-( nilpotent ),
$\Lambda(L)=\Lambda+\sum_{j}^{n}=1\varphi j(L)E_{n},j$ $\varphi j(L)$ $C^{\infty}$ (Hess) $Ad\overline{N}$
$m=(m_{1}, \ldots, m_{n})\in \mathbb{R}^{n}$ level set Hess(m)
$\{L\in Hess|\varphi j(L)=mj,j=1, \ldots, n\}$ $L\in Hess(m)$
$L=W(L)\Lambda(L)W(L)^{-1}$ $\Phi_{m}:Hess(m)arrow G/B$
$\Phi_{m}(L)=W(L)/B$ companion [2]. $G/B$
$G$ Poisson [5], $G/P$ Poisson
$\Phi_{m}$ Poisson $\pi’$ : $G/Barrow G/P$
$\pi’\circ\Phi_{m}:Hess(m)arrow G/P$ Poisson $n$ Hamiltonian
flows lparameter subgroup$\{\exp(\sum_{j=1}^{n}t_{j}\nabla\varphi_{j}(L))\}_{t\in R^{n}}$ $t$
fix Hess (m) Poisson $\Psi_{t}$




$R\backslash G/P(m)$ $R\backslash G/P(m)$
symplectic $\omega_{\mu}$ , $\mu$ local \S 2
\S 3 $\omega_{\mu}$ symplectic $\omega_{\tilde{\Psi}_{\dot{t}}\mu}$








$G=GL_{n}(\mathbb{R})$ $B\subset G$ Borel $N\subset B$ unipotent
$\overline{B},\overline{N}$ $B,$ $N$ opposite $=LieG,$ $b=LieB,$ $\mathfrak{n}=$
Lie $N$ $\overline{b}=Lie\overline{B},\overline{\mathfrak{n}}=Lie\overline{N}$ $G$ Kostant-Kirillov
Poissonn $f,g\in C^{\infty}(G)$
$\{f(x), g(x)\}_{G}=<x,$ $[\nabla f(x), \nabla g(x)]>$ , (1)
$<X,$ $Y>=trXY$ $\nabla f(x),$ $\nabla g(x)$ $f,g$ $x$ gradient
vector $X\in T_{x}G$ $f(x+tX)=f(x)+t<X,$ $\nabla f(x)>+\cdots$
$G$
$\mathfrak{g}$ $G/B$
Poisson $G/B$ affine space
$g\in G$ Gauss $g=W_{\infty}(g)^{-1}W_{0}(g),$ $W_{\infty}(g)\in\overline{N},$ $W_{0}(g)\in B$
$b\in B$ $W_{\infty}(g)^{-1}(W_{0}(g)b)=gb$ $gb$ Gauss
Gauss $W_{\infty}(g)=W_{\infty}(gb)$ . $W_{\infty}(g)$ $g/B(gmodB$




$W_{\infty}^{\sigma}(g)\in\overline{N},$ $W_{0}^{\sigma}(g)\in B$ $W_{\infty}^{\sigma}(g)=W_{\infty}^{\sigma}(g/B)$
$G_{\sigma}:=$ {$g\in G|$ (2) } $G_{\sigma},$ $\sigma\in S_{n}$ $G$
Proposition 1.1 $G= \bigcup_{\sigma\in s_{n}G_{\sigma}}$
proof. $g=(g_{ij})_{1\leq i,j\leq n}\in G$ $g$ Gauss
$W_{\infty}(g)=(w_{ij}(g))$







$w_{ij}(g)=-$ $g_{i1}$ ... $g_{ii-1}$ /
: :...





Gauss $W_{\infty}(g/B)^{-1}W_{0}(g)=g$ $\Leftrightarrow 2\leq \text{ _{}i}\leq n$ $D_{i}(g)=$
$0$
$D_{2}(g)=0$ $D_{2}(g)=g_{11}$ gll $=0$ . $\sigma_{1,i}\in S_{n}$ 1 $i(>1)$
$i_{2}$ $D_{2}(\sigma_{1,i_{2}}g)\neq 0$
$D_{2}(\sigma_{1,i}g)=g_{i1}$
$g=(\begin{array}{lll}0 g_{12} \cdots| | \cdots 0 g_{n2} \cdots\end{array})$
$g\in G$ $D_{3}(\sigma_{1,i_{2}}g)=0$ $\sigma_{1,i_{2}}g=(g_{ij}’)$
$|\begin{array}{ll}g_{11}’ g_{12}’g_{21}’ g_{22}’\end{array}|=0$ $\sigma_{2,i}\in S_{n}$ 2 $i>2$ $\sigma$2,i3
$D_{3}(\sigma_{2,i_{3}}\sigma_{1,i_{2}}g)\neq 0,$ $D_{2}(\sigma_{2,i_{3}}\sigma_{1,i_{2}}g)=D_{2}(\sigma_{1,i_{2}}g)\neq 0$
$2<\forall i\leq n$ $D_{3}(\sigma_{2,i}\sigma_{1,i_{2}}g)=0$
$D_{3}(\sigma_{2,i}\sigma_{1,i_{2}}g)=|\begin{array}{ll}g_{11}’ g_{12}’g_{i1} g_{i2}’\end{array}|=0,2\leq\forall i\leq n$ .
$(g_{11}’, g_{12}’)$ $(g_{i1}’, g_{12}’),$ $2\leq i\leq n$
$a\in G$
$a\sigma_{1i_{2}}g=(\begin{array}{lll}g_{11}’ g_{12}’ \cdots 0 0 \cdots| | 0 0 \cdots\end{array})$
$g\in G$ $i_{3}>2$ $D_{2}(\sigma_{2,i_{3}}\sigma_{1,i_{2}}g)=D_{2}(\sigma_{1,i_{2}}g)=g_{11}’\neq 0$ .
$\sigma_{1},$
$\ldots,$
$\sigma_{r-2}\in S_{n}$ $D_{j}(\sigma_{r-2}\cdots\sigma_{1}g)\neq 0,j=2,$
$\ldots,$ $r-1$











$=0$ , for $r-1\leq\forall_{i}\leq n$ .
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rank $(\begin{array}{lll}g_{11}’’ \cdots g_{1r-1}’’| \cdots |g_{nl}’’ \cdots g_{nr-1}’\end{array})<r-1$ .
$\det(g_{ij}’’)_{i\leq i,j\leq r-2}\neq 0$
$a=(\begin{array}{ll}a_{0} OO E_{n-r+2}\end{array})\in G$ ,
$a0\in GL_{r-2}(\mathbb{R})$ ,
$a(\begin{array}{lll}g_{11}’’ \cdots g_{1r-1}’’| \cdots |g_{n1}’’ \cdots g_{nr-1}’\end{array})=(\begin{array}{ll}E_{r-2} g’’’C d\end{array})$ ,
$g”’\in \mathbb{R}^{r-2},$ $d\in \mathbb{R}^{n-r+2},$ $C\in$ Mat $(n-r+2\cross r-2)$ ,
$g(r-1):=(g_{ij}’’)_{1\leq i\leq n,1\leq j\leq r-1}$ $g(r-1)$ 1 $r-2$
1 rankg$(r-1)=r-2$ . $g(r-1)$ 1
$r-2$ rank$(\sigma_{r-1}\cdots\sigma_{1}g)<n$ $g\in G$ QED.
Proposition 1.1 $G/B= \bigcup_{\sigma\in s_{n}^{G_{\sigma}}}/B$ . $\sigma\in S_{n}$ $U_{\sigma}=G_{\sigma}/B$
$U_{\sigma}$ affaine space $\overline{N}$ $g\in G_{\sigma}\cap G_{\tau},$ $\sigma,$ $\tau\in S_{n}$
$\sigma g/B$ $\tau g/B$ $U_{\sigma}$ $U_{\tau}$ $G/B$
$\pi$ : $Garrow G/B$ $u,$ $v\in C^{\infty}(G/B)$ Poisson
bracket$\{u, v\}_{G/B}(g/B)$
$\{u, v\}_{G/B}(g/B)=<g/B,$ $[\nabla u(g/B), \nabla v(g/B)]>$ (5)
Lemma 1.1 $u\in C^{\infty}(G/B)$ $d\pi^{*}\nabla u(g/B)=\nabla\pi^{*}u(g)$




$d\pi^{*}\nabla u(\pi(g))=\nabla\pi^{*}u(g)$ . QED
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$G/B$ $\overline{N}$ $\forall_{g}\in G$ $T_{\pi(g)}^{*}G/B\simeq \mathfrak{n}$ .
d$\pi*F$ $\mathfrak{n}$ $g$ Lie algebra homomorphism.
$u,$ $v\in C^{\infty}(G/B)$
$\pi^{*}\{u, v\}_{G/B}(g)=\{u,v\}_{G/B}(\pi(g))=<\pi(g),$ $[\nabla u(\pi(g)), \nabla v(\pi(g))]>$
$d\pi^{*}$ fiber $T_{\pi(g)}^{*}G/B$ fiber $T_{g}^{*}G$ map $X\in T_{g}G$
$<X,$ $d\pi^{*}\xi>=<d\pi_{*}X,$ $\xi>,$ $\xi\in T_{\pi(g)}^{*}G/B$ .
$g\in G$ $T_{g}G$ $0$ section $d\pi_{*}(g)=\pi(g)$
$=<g,d\pi^{*}[\nabla u(\pi(g)), \nabla v(\pi(g))]>=<g,$ $[d\pi^{*}\nabla u(\pi(g)),d\pi^{*}\nabla v(\pi(g))]>$
$=<g,$ $[\nabla\pi^{*}u(g), \nabla\pi^{*}v(g)]>=\{\pi^{*}u(g),\pi^{*}v(g)\}_{G}=\{\pi^{*}u,\pi^{*}v\}_{G}(g)$ .
Proposition 1.2 $G/B$ (5) Poisson $\pi$ : $Garrow$
$G/B$ Poisson $G/B$ $\overline{N}$ $G/B$ Poisson
$\{w_{ij},w_{k\ell}\}=\delta_{j,k}w_{i}\ell-\delta p$ ,iwkj, $(w_{i,j})_{i,j}\in\overline{N}$ ,
Levi $GL_{1}(\mathbb{R})\cross GL_{n-2}(\mathbb{R})\cross GL_{1}(\mathbb{R})$ $B$ $P$
$P=\{(\begin{array}{lll}p_{11} t_{p_{12}} p_{13}0 P_{22} p_{23}0 t0 p_{33}\end{array})|p11,P33\neq 0,p_{13}\in \mathbb{R}, p_{12}, P23 \in \mathbb{R}^{n-2}, P_{22}\in GL_{n-2}(\mathbb{R})\}$
$\overline{N}$ $U$
$U=\{(\begin{array}{lll}1 {}^{t}o 0q E_{n-2} 0c t_{p} 1\end{array})|c\in \mathbb{R}, p, q\in \mathbb{R}^{n-2}\}$
$g\in G$ $g=up,$ $u\in U,p\in P$ $g$ U-P
Lemma 1.2 $g\in G$
$g=(\begin{array}{lll}g_{11} t_{g_{12}} g_{13}g_{21} G_{22} g_{23}g_{31} t_{g_{32}} g_{33}\end{array})$
gll, $g_{31},$ $g_{13},g_{33}\in \mathbb{R},$ $g_{21},$ $g_{12}$ , $g_{32},$ $g_{23}\in \mathbb{R}^{n-2},$ $G_{22}\in Mat_{n-2}(\mathbb{R})$
$g$ U-P
$g_{11}\neq 0,$ $|G_{22}-g_{21}^{t}g_{12}|\neq 0$
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$g_{33}-g_{31}g_{13}/g_{11}-(^{t}g_{32}-g_{31}/g_{11^{t}}g_{12})(G_{22}-g_{21^{t}}g_{12})^{-1}(g_{23}-g_{13}/g_{1l}g_{21})\neq 0$
Proposition 1.3 $\sigma\in S_{n}$ Gauss $W_{\infty}^{\sigma}(g/B)^{-1}W_{0}^{\sigma}(g)=\sigma g$
$g$ U-P
proof.
$W_{\sigma}^{\infty}(g/B)^{-1}=(\begin{array}{lll}1 t0 0w_{21} W_{22} 0w_{31} t_{W_{32}} 1\end{array})$
$w_{21},$ $w_{32}\in \mathbb{R}^{n-2},$ $w_{3,1}\in \mathbb{R},$ $W_{22}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $n-2$ nilpotent




Lemma 1.2 $W_{\infty}^{\sigma}(g/B)^{-1}$ U-P
$\sigma g=W_{\infty}^{\sigma}(g/B)^{-1}W_{0}^{\sigma}(g)=u(pW_{0}^{\sigma}(g))$ (6)
$pW_{0}^{\sigma}(g)\in P$ (6) $\sigma g$ U-P $\sigma g$ U-P Q.E.D.
Proposition 1.3 $G/P= \bigcup_{\sigma\in s_{n}G_{\sigma}}/P$ . $u(\sigma g)p(\sigma g)=\sigma g$
$\sigma g$ U-P Gauss U-P
$u(\sigma g)=u(\sigma gp)^{\forall}p\in P$ $u(\sigma g)=u(\sigma g/P)$ $U_{\sigma}=G_{\sigma}/P$
$g/P\in U_{\sigma}\mapsto u(\sigma g/P)$ $U_{\sigma}$ affine space $U$
$g\in G_{\sigma}\cap G_{\tau}$ $\sigma g/P$ $\tau g/P$ $G_{\sigma}/P$ $G_{\tau}/P$
$G/P$ $\pi’$ : $G/Barrow G/P,$ $g/B\mapsto g/P$
$u,$ $v\in C^{\infty}(G/P)$ $G/P$ Poisson
$\{u, v\}_{G/P}(g/P)=<g/P,$ $[\nabla u(g/P), \nabla v(g/P)]>$ (7)
$\pi$
Proposition 1.4 $\pi’$ : $G/Barrow G/P$ Poisson
$G/P$ $U$ $G/P$ Poisson
$\{p_{i},q_{j}\}_{G/P}=\delta_{i,j^{C}}$ (8)
$t_{q=}(q_{1}, \ldots, q_{n}),$ $t_{p=}(p_{1}, \ldots,p_{n})$ $c$ $U$ $(n, 1)$
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2 Symplectic $R\backslash G/P$
$U$ $R$
$R=\{t_{c}=(\begin{array}{lll}1 t0 00 E_{n-2} 0c t0 1\end{array})|c\in \mathbb{R}\}$
$t_{c}t_{c’}=t_{c+c’}$
Lemma 2.1 $\sigma\in S_{n}$ $G$ $\sigma^{-1}R\sigma$ $G_{\sigma}/P$




$t_{c}\sigma g=(t_{c}u)p$ $t_{c}\sigma g$ U-P $(\sigma^{-1}t_{c}\sigma)g\in G_{\sigma}$ . QED
$\sigma\in S_{n}$ $K_{\sigma}=\sigma^{-1}R\sigma\backslash G_{\sigma}/P$ $g\in G_{\sigma}\cap G_{\tau}$ $\sigma^{-1}R\sigma\backslash g/P$
$\tau^{-1}R\tau\backslash g/P$ $K_{\sigma}$ $K_{\tau}$ $R\backslash G/P$
$R$ character $\chi$ : $Rarrow \mathbb{R}$ $\chi(t_{c})=c$ $\chi(t_{c}t_{c’})=$
$\chi(t_{c})+\chi(t_{c’})$ $\lambda$ : $Rarrow \mathbb{C}^{*}$ $\lambda(t_{c})=\exp(2\pi\sqrt{-1}\chi(t_{c}))$
$R$ 1 $\mathbb{C}_{\lambda}$ $a\mapsto\lambda(t_{c})a,$ $a\in \mathbb{C}^{*}$ $K_{\sigma}$
$\mathscr{Z}_{\lambda}^{\sigma}$ : $=G_{\sigma}/P\cross R\mathbb{C}_{\lambda}$ $R$ , $\sigma^{-1}R\sigma$ $G\sigma/P$
$g/P\cdot\sigma^{-1}t_{c}\sigma=\sigma^{-1}t_{c}^{-1}\sigma(g/P)$ $R$
$\sigma^{-1}t_{c}\sigma(g/P)$
Proposition 2.1 $R\backslash G/P$ $\mathscr{Z}_{\lambda}|_{K_{\sigma}}=$
proof. $\sigma\in S_{n}$ local system $s_{\sigma}\in\Gamma(K_{\sigma};\mathscr{Z}_{\lambda}^{\sigma})$ $(i),(ii)$
$\psi_{\sigma,\tau}(x)\in \mathbb{C}^{*}$
(i) $\psi_{\sigma,\tau}(x)^{-1}=\psi_{\tau,\sigma}(x),$ $x\in K_{\sigma}\cap K_{\tau}$
(ii) $\psi_{\sigma,\tau}(x)\psi_{\tau,\eta}(x)\psi_{\eta,\sigma}(x)=1,$ $x\in K_{\sigma}\cap K_{\tau}\cap K_{\eta}$
$u_{c}=(\begin{array}{lll}1 t0 0q E_{n-2} 0c t_{p} 1\end{array})\in U$
$u_{c}=t_{c}u_{0}=u_{0}t_{c},t_{c}\in R$ $K_{\sigma}$ $2n-4$ affine space
$K=\{(\begin{array}{lll}1 t0 0q E_{n-2} 00 t_{p} 1\end{array})|p, q\in \mathbb{R}^{n-2}\}$
$x\in K_{\sigma}$ $x$ $K_{\sigma}$ $u_{0}^{\sigma}(x)$ $G/P$
$R\backslash G/P$ $R$ $v\in\Gamma(R\backslash G/P;G/P)$
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$s_{\sigma}\in\Gamma(K_{\sigma};\mathscr{Z}_{\lambda}^{\sigma})$ $s_{\sigma}(x)=[v(x), 1]$ $K_{\sigma}$ $v(x)=t_{c_{\sigma}(x)}u_{0}^{\sigma}(x)$ ,






Proposition 21 $R\backslash G/P$ $\varpi$ : $\mathscr{Z}_{\lambda}arrow R\backslash G/P$
$\mathscr{Z}_{\lambda}$ $K_{\sigma}$
$V\subset R\backslash G/P$ $\mathscr{Z}_{\lambda}$
$so\in\Gamma(V;\mathscr{Z}_{\lambda})$ $s_{0}(x)=[x, \lambda(t_{c(x)})\cdot 1]$ $T=\{a\in \mathbb{C}^{*}||a|=1\}$
$s\in\Gamma(V;\mathscr{Z}_{\lambda})$ $s(x)=\phi(x)so(x)$ , $\phi(x)$ $V$
$T$ $c\infty$ $\nabla$ $X\in T(V)$
$\nabla xs=2\pi\sqrt{-1}<\alpha(s),$ $X>s$ $s\in\Gamma(V;\mathscr{Z}_{\lambda})$ $\nabla$
$\alpha(s)\in T^{*}(V)\otimes_{\mathbb{R}}\mathbb{C}$ $\mathscr{Z}_{\lambda}^{*}=\mathscr{Z}_{\lambda}$ –zero section $x\in$
$R\backslash G/P$ $s\in \mathscr{Z}_{\lambda_{x}}^{*},$ $t\in \mathscr{Z}_{\lambda x}$ $s(x)=\phi(x)s_{0}(x),$ $\phi(x)\neq 0$ ,
$t(x)=\psi(x)s_{0}(x)$ $\frac{t}{s}(x)\in C^{\infty}(V)$ $\frac{t}{s}(x)=\psi(x)/\phi(x)$
$\alpha(s)$ $\alpha(s)=\frac{1}{2\pi\sqrt{-1}}\frac{\nabla s}{s}$ $s_{\sigma}\in\Gamma(K_{\sigma};\mathscr{Z}_{\lambda})$
$\frac{1}{2\pi\sqrt{-1}}\frac{\nabla^{\sigma}\epsilon}{s_{\sigma}}=\alpha_{\sigma}$ $v\in\Gamma(R\backslash G/P;G/P)$ 1
$K_{\sigma}$ $v(x)=t_{c_{\sigma}(x)}u_{0}^{\sigma}(x)$ $\chi(t_{\sigma}(x))=c_{\sigma}(x)$ . $u=Lie$ $U$
$\forall_{X\in R}\backslash G/P$ $(R\backslash G/P)\simeq u/\mathbb{R}E_{n,1}\simeq\oplus_{i=2}^{n-1}\mathbb{R}E_{i,1}\oplus\oplus_{j=2}^{n-1}\mathbb{R}E_{n,j}$
$\nabla^{\sigma}\in\Omega^{1}(K_{\sigma})\otimes_{\mathbb{R}}End\Gamma(K_{\sigma}, \mathscr{Z}_{\lambda})$
$\{\begin{array}{ll}\nabla_{X}^{\sigma}s_{\sigma}=2\pi\sqrt{-1}<\alpha(s_{\sigma}), X>s_{\sigma} for X\in TK_{\sigma}\nabla_{X}^{\sigma}\phi s_{\sigma}=d\phi\otimes s_{\sigma}+\phi\nabla^{\sigma}s_{\sigma} \phi\in C^{\infty}(K_{\sigma}),\end{array}$
$\alpha(s_{\sigma})\in\Omega^{1}(K_{\sigma})$ $s_{\sigma}(x)=[x, e^{e^{2\pi\sqrt{-1}c_{\sigma}(x)}}]$




$K_{\sigma}$ (P, q) $\in K_{\sigma}$
$(P, q, \mu_{\sigma})\in G/P$ $x\in K_{\sigma}\cap K_{\tau}$ $s_{\sigma}\in\Gamma(K_{\sigma};\mathscr{Z}_{\lambda}),$ $s_{\tau}\in$
$\Gamma(K_{\tau};\mathscr{Z}_{\lambda})$ $s_{\sigma}(x)=\psi_{\sigma,\tau}(x)s_{\tau}(x)$ $K_{\sigma},$ $K_{\tau}$
$K=\{(\begin{array}{lll}1 {}^{t}o 0q E_{n-2} 00 t_{p} 1\end{array})|p, q\in \mathbb{R}^{n-2}\}$
$X\in TK_{\sigma}$




$<\alpha(s_{\sigma}),\partial/\partial p_{i}>=\partial c_{\sigma}(x)/\partial p_{i},$ $<\alpha(s_{\sigma}),\partial/\partial q_{j}>=\partial c_{\sigma}(x)/\partial q_{j}$
$\alpha(s_{\sigma})-\alpha(s_{\tau})=dc_{\sigma}(x)-dc_{\tau}(x)=\frac{1d\psi_{\sigma,\tau}}{2\pi\sqrt{-1}\psi_{\sigma,\tau}}(x)$
$\alpha(s_{\sigma})=\alpha(s_{\tau})+\frac{1d\psi_{\sigma,\tau}}{2\pi\sqrt{-1}\psi_{\sigma,\tau}}(x)$ (10)




$R\backslash G/P$ symplectic $\omega_{\mu}\in\Omega^{2}(R\backslash G/P)$
$\omega_{\mu}(X, Y)=d\alpha(s_{\sigma})(X, Y)=X<\alpha(s_{\sigma}),$ $Y>-Y<\alpha(s_{\sigma}),$ $X>$
$-<\alpha(s_{\sigma}),$ $[X, Y]>$ ,
$X,$ $Y\in T(R\backslash G/P)$ $\forall_{X}\in R\backslash G/P$ $T_{x}(R\backslash G/P)\simeq$
$u/\mathbb{R}E_{n,1}$ $<E_{1,n},$ $X>=<E_{1,n},$ $Y>=0,$ $d(dc_{\sigma}(x))=0$
$\omega(X, Y)=-<\alpha(s_{\sigma}),$ $[X, Y]>$ (11)
(11)
$\omega_{\mu}(\partial/\partial p_{i},\partial/\partial q_{j})=-<-\mu_{\sigma}E_{1,n},$ $[E_{n,j}, E_{i,1}]>$
$=\mu_{\sigma}<E_{1,n},$ $\delta_{i,j}E_{n,1}>=\mu_{\sigma}\delta_{i,j}$ . (12)
(12) $G/P$ $(p, q, \mu_{\sigma})$ Poisson relation $\{p_{i}, q_{j}\}_{G/P}=\mu_{\sigma}\delta_{i,j}$
$R\backslash G/P$ symplectic
3 Hamiltonian flow symplectic
structure
$\Lambda=\sum_{i=1}^{n-1}E_{i,i+1}$ affaine space Hess $Hess=\Lambda+\overline{b}$
$f,$ $g\in C^{\infty}$ (Hess) Poisson structure $L\in Hess$
$\{f(L),g(L)\}_{Hess}=<L,$ $[\nabla f(L), \nabla g(L)]>$ . (13)
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generators. $m={}^{t}(m_{1},$ $\ldots,$ $m_{n})\in \mathbb{R}^{n}$ level
set Hess $(m)$
Hess $(m)=\{L\in Hess|\varphi_{j}(L)=m_{j},j=1, \ldots, n\}$
$L\in Hesse(m)$ $L=W(L)\Lambda_{m}W(L)^{-1}$
A(m) $= \Lambda+\sum_{j_{=1}}^{n}mjE_{n,j}$ . $Hess(m)$ Hess
Poisson structure Companion $\Phi_{m}:Hess(m)arrow G/B$
$\Phi_{m}(L)=W(L)/B$
Proposition 3.1 $\Phi_{m}$ Hess $(m)$ $G/B$ Poisson map
proof. $L\in Hess$ $L=W(L)\Lambda(L)W(L)^{-1}$ $\Phi$ : $Hessarrow G/B$
$\Phi(L)=W(L)/B$ $\Phi$ Hess $(m)$ $\Phi_{m}$ $\Phi$




$G/B$ $\overline{N}$ $G/B$ vector field
$d\pi_{*}:T_{L}Hessarrow T_{\Phi(L)}G/B$ $T_{L}$Hess $T_{\Phi(L)}G/B\simeq\overline{\mathfrak{n}}$
$G/B$ lform $\mathfrak{n}$ $T_{L}^{*}Hess=T_{W}^{*}$ . $L$ ) $\overline{N}\oplus t_{q}$ ,
$t_{q}=\{{}^{t}X|X\in q\}$ , $d\Phi^{*}$ : $T_{\Phi(L)}^{*}G/Barrow T_{L}^{*}Hess$ $\mathfrak{n}$
$\mathfrak{n}\oplus^{t}q$ Lie algebra homomorhphism
$f,g\in C^{\infty}(G/B)$ Lemma 11
$\nabla\Phi^{*}f(L)=d\Phi^{*}(\nabla f(\Phi(L)),$ $\nabla\Phi^{*}g(L)=d\Phi^{*}(\nabla g(\Phi(L)))$
$\{\Phi^{*}f, \Phi^{*}g\}_{Hess}(L)=<L,$ $[\nabla\Phi^{*}f(L), \nabla\Phi^{*}g(L)]>$
$=<L,$ $[d\Phi^{*}\nabla f(\Phi(L)), d\Phi^{*}\nabla g(\Phi(L))]>=<L,$ $d\Phi^{*}[\nabla f(\Phi(L)), \nabla g(\Phi(L))]>$
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$d\Phi_{*}$ THess $TG/B$ $L\in Hess$ $T_{L}Hess$ zero
section $d\Phi_{*}(L)=\Phi(L)$
$=<\Phi(L),$ $[\nabla f(\Phi(L)), \nabla g(\Phi(L))]>=\{f,g\}_{G/B}(\Phi(L))=\Phi^{*}\{f, g\}_{G/B}(L)$
$\{\Phi^{*}f, \Phi^{*}g\}_{Hess}=\Phi^{*}\{f,g\}_{G/B}$ . QED
Poisson structure Gelfand-Dikki [5]
$t=(t_{1}, \ldots, t_{n})\in \mathbb{R}^{n}$ Hamiltonian
flow l-parameter groups $L\in Hess(m)$
$\{\Psi_{t}=e^{t_{1}\nabla\varphi_{1}(L)}\cdots e^{t_{n}\nabla\varphi_{n}(L)}|t\in \mathbb{R}^{n}\}$ .
$t$ $\Psi_{t}$ Hess $(m)$ Poisson $G/B(m)=$
$\Phi(Hess(m)),$ $G/P(m)=\pi’(G/B(m))$ $\Psi_{t}$




Proposition 32 $\tilde{\Psi}_{t}:G/P(m)arrow G/P(m)$ Poisson


















$\tilde{\Psi}_{t}$ $R\backslash G/P(m)$ t $t$ fix
$\Xi_{t}$ : $R\backslash G/P(m)arrow R\backslash G/P(m)$ $R\backslash G/P$
(9) $\alpha$ (11) $R\backslash G/P$
symplectic $(p, q, \mu)\in G/P$ local $\mu$
symplectic $X,$ $Y\in T(R\backslash G/P)$ $\omega(X, Y)=\mu<E_{1,n},$ $[X, Y]>$
$x\in R\backslash G/P$ $\partial/\partial p_{j},$ $\partial/\partial q_{i}$ $E_{n,j},E_{i,1}$
$\omega$
$\omega_{\mu}$ $(q, p, \mu)$ $G/P(m)$
$\tilde{\Psi}_{t}$ Poisson $\{\tilde{\Psi}_{t}^{*}p_{i},\tilde{\Psi}_{t}^{*}qj\}_{G/P(m)}=\tilde{\psi}_{t}^{*}\mu\delta_{i,j}$
Proposition 3.3 $–$ $(R\backslash G/P(m),\omega_{\mu})$ $(R\backslash G/P(m),\omega_{\Psi_{\dot{t}}\mu}^{-})$
symplectic
proof. $d\Xi_{t}^{*}\omega_{\mu}=\omega_{\tilde{\Psi}_{t}^{*}\mu}$ $X=\partial/\partial p_{i},$ $Y=\partial/\partial q_{j}\in T(R\backslash$
$G/P(m))$
$d\text{ _{}t}^{*}\omega_{\mu}(\partial/\partial p_{i}, \partial/\partial q_{j})=\omega_{\mu}(d\Xi_{t*}\partial/\partial p_{i}, d\Xi_{t}$ $\partial/\partial q_{j})$
Hamiltonian vector $d\Xi_{t*}\partial/\partial p_{i},$ $d\Xi_{t*}\partial/\partial q_{j}$ Hamiltonian
;pi, $\Xi_{t}^{*}qj$
$=\{--q_{j}\}_{R\backslash c/P(m)}$




$=\omega_{\tilde{\Psi}_{t}^{*}\mu}(\partial/\partial p_{i}, \partial/\partial q_{j})$ .
QED
$\theta_{\mu}:=\{\omega_{\overline{\Psi}_{\dot{t}}\mu}|t\in \mathbb{R}^{n}\}$
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